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Abstract: Let a,T > 0. We study the asymptotic properties of a least squares estimator for the 
parameter a of a fractional bridge defined as dXt — —a^z^dt + dBt, Q ^ t < T, where _B is a 
fractional Brownian motion of Hurst parameter H > ^. Depending on the value of a, we prove that 
we may have strong consistency or not as i — > T. When we have consistency, we obtain the rate of 
this convergence as well. Also, we compare our results to the (known) case where B is replaced by a 
standard Brownian motion W. 

It is great pleasure for us to dedicate this paper to our friend David Nualart, in celebration of his 
60th birthday and with all our admiration. 

1 Introduction 

Let be a standard Brownian motion and let a be a non-negative real parameter. In recent years, 
the study of various problems related to the (so-called) a- Wiener bridge, that is, to the solution X to 

Ao = 0; dXt = -a^^^dt + dWt, sC i < T, (f) 

has attracted interest. For a motivation and further references, we refer the reader to Barczy and Pap 
[2l[3], as well as Mansuy [6j. Because ([T]) is linear, it is immediate to solve it explicitely; one then gets 
the following formula: 



Xt^{T-tr f {T^s^dWs, te[0,T), 
Jo 



the integral with respect to W being a Wiener integral. 

An example of interesting problem related to X is the statistical estimation of a when one observes 
the whole trajectory of A. A natural candidate is the maximum likelihood estimator (MLE), which 
can be easily computed for this model, due to the specific form of ([T]): one gets 



' X,. \ / / r' xi 



In the integral with respect to X must of course be understood in the Ito sense. On the other 
hand, at this stage it is worth noticing that dt coincides with a least squares estimator (LSE) as well; 
indeed, at (formally) minimizes 



a I— 







Xu + a 



T-u 



du. 



Also, it is worth bearing in mind an alternative formula for at- which is more easily amenable to 
analysis and which is immediately shown thanks to ([T]): 







a-a. = (/ (3) 



'Institut de Mathematiques de Bourgogne, Universite de Bourgogne, Dijon, France. Email: 
khalif asbaiSgmail . com 

^Institut Elie Cartan, Universite Henri Poincare, BP 239, 54506 Vandoeuvre-les-Nancy, France. Email: 
inourdinOgmail . com 

'"Supported in part by the (french) ANR grant 'Exploration des Chemins Rugueux' 



1 



When dealing with ([3]) by means of a semimartingale approach, it is not very difficult to check that 
at is indeed a strongly consistent estimator of a. The next step generally consists in studying the 
second-order approximation. Let us describe what is known about this problem: as t —> T, 

if < a < i then 

(r-i)"-^(a-St) ^r"-3(i_2a) xC(l), (4) 
with C(l) the standard Cauchy distribution, see [H Theorem 2.8]; 



• if a = ^ then 



11 trj. ^ ^ law Jo WsdWs 

\\og{T - t)\{a - at) — > , (5) 

Jo ^sds 



see m Theorem 2.5]; 
if a > i then 



see gl Theorem 2.11]. 



V|log(T-i)|(a - at) ^ AA(0, 2a ~ 1), (6) 



Thus, we have the full picture for the asymptotic behavior of the MLE/LSE associated to a- Wiener 
bridges. 

In the present paper, our goal is to investigate what happens when, in ([T]), the standard Brownian 
motion W is replaced by a fractional Brownian motion B. More precisely, suppose from now on that 
X = {Xt}t(r[o,T) is the solution to 

Xo^O; dXt^ -aj^^dt + dBt, Oi^t<T, (7) 

where i? is a fractional Brownian motion with known parameter H , whereas a > is considered as 
an unknown parameter. Although X could have been defined for all H in (0, 1), for technical reasons 
and in order to keep the length of our paper within bounds we restrict ourself to the case H S (^,1) 
in the sequel. 

In order to estimate the unknown parameter a when the whole trajectory of X is observed, we 
continue to consider the estimator at given by ©. (It is no longer the MLE, but it is still a LSE.) 
Nevertheless, there is a major difference with respect to the standard Brownian motion case. Indeed, 
the process X being no longer a semimartingale, in ([2]) one cannot utilize the Ito integral to integrate 
with respect to it. However, because X haqj 7-H61der continuous paths on ]0, t] for all 7 G (5, -ff) and 
all t G [0,T), one can choose, instead, the Young integral (see Section [^751 for the main properties of 
this integral, notably its chain rule pT|) and how relies it Skorohod integral). 

Let us now describe the results we prove in the present paper. First, in Theorem[l]we show that the 
(strong) consistency of St as i T holds true if and only if a ^ ^ . Then, depending on the precise value 
of a G (0, ^], we derive the asymptotic behavior of the error at — a. It turns out that, once adequately 
renormalized, this error converges either in law or almost surely, to a limit that we are able to compute 
explicitely. More specifically, we show in Theorem [5] the following convergences (below and throughout 
the paper, C(l) always stands for the standard Cauchy distribution and /3(a, b) — x°'~^{l — xf^^dx 
for the usual Beta function): as i ^ T, 

• liQ < a <l- H then 



[T-t) {a-at)^T {l-2a)^ {I - H - a)P{l - a,2H - I) ^ ^^^^^ 



^More precisely, we assume throughout the paper that we work with a suitable 7-H61der continuous version 
of X, which is easily shown to exist by the Kolmogorov-Centsov theorem. 
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• if a = 1 — iJ then 



(r-t)l-2« law ^l_2ff,o„ ,,3 /2/3(l-i/,2ff-l) 



a -St) ^r^'^^(2g-l)^ ^ xC(l); (9) 



• ifl-iJ<Q!<i then 



• if a = I then 



|log(T-<)|(a-aO^^. (11) 



When comparing the convergences ((8)) to (|lll) with those arising in the standard Brownian motion 
case (that is, (|4]) to ([6])), we observe a new and interesting phenomenom when the parameter a ranges 
from 1 — to i (of course, this case is immaterial in the standard Brownian motion case). 

We hope our proofs of to ([TT|) to be elementary. Indeed, except maybe the hnk ([T5)) between 
Young and Skorohod integrals, they only involve soft arguments, often based on the mere derivation 
of suitable equivalent for some integrals. In particular, unlike the classical approach (as used, e.g., in 
[4]) we stress that, here, we use no tool coming from the semimartingale realm. 

Before to conclude this introduction, we would like to mention the recent paper [5] by Hu and 
Nualart, which has been a valuable source of inspiration. More specifically, the authors of [5] study 
the estimation of the parameter a > arising in the fractional Ornstein-Uhlenbeck model, defined as 
dXt — —aXtdt + dBt, t ^ 0, where _B is a fractional Brownian motion of (known) index H G (|, |). 
They show the strong consistency of a least squares estimator Sf as t — > oo (with, however, a major 
difference with respect to us: they are forced to use Skorohod integral rather than Young integral to 
define at, otherwise at a as t co; unfortunately, this leads to an impossible-to-simulate estima- 
tor, and this is why they introduce an alternative estimator for a.) They then derive the associated 
rate of convergence as well, by exhibiting a central limit theorem. Their calculations are of completely 
different nature than ours because, to achieve their goal, the authors of [5j make use of the fourth 
moment theorem of Nualart and Peccati 1^. 

The rest of our paper is organized as follows. In Section 2 we introduce the needed material for 
our study, whereas Section 3 contains the precise statements and proofs of our results. 



2 Basic notions for fractional Brownian motion 

In this section, we briefly recall some basic facts concerning stochastic calculus with respect to 
fractional Brownian motion; we refer to [7J for further details. Let B = {Bt}t^[o^T] be a fractional 
Brownian motion with Hurst parameter He (0, 1), defined on some probability space (fi, J^, P). (Here, 
and throughout the text, we do assume that J- is the sigma-field generated by B.) This means that 
B is a centered Gaussian process with the covariance function E[BsBt] = i?/f(s,t), where 

RHis,t)^^-{l^^ + s'^^-\t-sr). (12) 

If = i, then _B is a Brownian motion. From (fT2|) . one can easily see that E[\Bt — Bs\'^] — \t — s|^^, 
so B has 7— Holder continuous paths for any 7 e (0,-ff) thanks to the Kolmogorov-Centsov theorem. 
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2.1 Space of deterministic integrands 

We denote by 8 the set of step M— valued functions on [0,T]. Let % be the Hilbert space defined as 
the closure of £ with respect to the scalar product 

(l[0,t]: l[0,s])^ =RH{t,s). 

We denote by | • the associated norm. The mapping l[o.t] ^ Bt can be extended to an isometry 
between Ti and the Gaussian space associated with B. We denote this isometry by 

^^B{^) = / >f{s)dBs. (13) 
Jo 

When H S (^,1), it follows from [S] that the elements of may not be functions but distributions 
of negative order. It will be more convenient to work with a subspace of H which contains only 
functions. Such a space is the set IH] of all measurable functions tp on [0,T] such that 



|2-f/-2. 



|(/3(it)||(/?(?;)||u — dudv < oo. 



I^lf^l :=ff(2ff-l) / / 
Jo Jo 

If V?, V e I'HI then 

E[B{ip)B{ij;)\ = H{2H -I) I [ ip{u)^lj{v)\u ~ vf"-^dudv. (14) 

Jo Jo 

We know that (|H|, (•, ■)\'h\) is a Banach space, but that (|7^|, (•, ■)-}{) is not complete (see, e.g., [9j). 
We have the dense inclusions L'^{[0,T]) C LTr{[0,T]) C 1^1 C H. 

2.2 Malliavin derivative and Skorohod integral 

Let S be the set of all smooth cylindrical random variables, which can be expressed as = 
f{B{ipi), . . . ,B{(pn)) where n ^ 1, / : R" — s> R is a C°°-function such that / and all its derivatives 
have at most polynomial growth, and £ Ti, i = 1, . . . ,n. The Malliavin derivative of F with respect 
to B is the element of L'^{Vl,T-L) defined by 

= X^^(i?(<^i ),..., s(0„))</).(s), se[o,r]. 

i—l * 

In particular D^Sf — 1[qj](s). As usual, D^^^ denotes the closure of the set of smooth random variables 
with respect to the norm 

11^1112 = E[F^]+E[\DF\l,]. 

The Malliavin derivative D verifies the chain rule: if : R" ^> R is and if (Fi)i=i^...^„ is a sequence 
of elements of D^'^, then <p(i^i, . . . , Fn) G D^'^ and we have, for any s S [0, T], 

D,^{Fi, . . . , i^„) = ^ ^(Fi, . . . , F,)DsF,. 

i—l * 

The Skorohod integral 6 is the adjoint of the derivative operator D. If a random variable u G L^{^, Ti) 
belongs to the domain of the Skorohod integral (denoted by domJ), that is. if it verifies 



\E{DF, u)-H I c„ y/E\F^ for any F e 5, 
then (5 (it) is defined by the duality relationship 

E[F5[u)]=E[{DF,u)h]. 
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for every F e D^'^. In the sequel, when t G [0,T] and u G dom(5, we shall somethnes write J^UgSBg 

instead of (5(wl[o,t])- li h ^H, notice moreover that hgSBs — S{h) — B{h). 

For every 1, let T-Lq be the gth Wiener chaos of i?, that is, the closed linear subspace of i^(il) 
generated by the random variables {Hq{B{h)),h G 'H,\\h\\-H = 1}, where Hg is the qth Hermite 
polynomial. The mapping Iq{h^'^) = Hq{B{h)) provides a linear isometry between the symmetric 
tensor product H®"? (equipped with the modified norm || • ||^0g = "^11 • ll?^®') ^-nd Tig. Specifically, 
for all /, g G 'H®'' and 1, one has 

E[lq{f)Iq{g)]=q\{f,g)n^,. (15) 

On the other hand, it is well-known that any random variable Z belonging to L^(f2) admits the 
following chaotic expansion: 

oo 

Z = E[Z]+Y,IM, (16) 

q=l 

where the series converges in L^(i7) and the kernels fq, belonging to H®"^, are uniquely determined by 
Z. 



2.3 Young integral 

For any 7 G [0, 1], we denote by '^'''([0, T]) the set of 7-H61der continuous functions, that is, the set 
of functions / : [0, T] -> M such that 

l/l,,. sup »^<oo. 

0^s<t<T — Sj ' 

(Notice the calligraphic difference between a space of Holder continuous functions, and a space C 
of continuously differentiable functions!). We also set |/|oo — supjgjg t] ^'^'^ equip '^^([0,T]) 

with the norm 

ll/lk :=!/!, + I/loo. 

Let / G <r'^([0,T]), and consider the operator T/ : C^{[0,T]) C"{[0,T]) defined as 

Tfigm = I f{u)g'{u)du, tG [0,T]. 



It can be shown (see, e.g., [10; Section 2.2]) that, for any /3 G (1 — 7,1), there exists a constant 
C^-y,l3,T > depending only on 7, /3 and T such that, for any g G {[0,T]), 



J{u)g'{u)du 



^ ^^7,/^,t||/IMI5||/3- 

/3 



We deduce that, for any 7 G (0, 1), any / G '^^{[QjT]) and any /3 G (1 — 7, 1), the linear operator 
Tf : Ci([0,r]) C ■^^([0,T]) ^ '^'^([0,r]), defined as Tf{g) = f{u)g' {u)du, is continuous with 
respect to the norm || • ||^. By density, it extends (in an unique way) to an operator defined on 't^^ . As 
consequence, if / G 'rT([0,r]), if 5 G "^^{[O^T]) and if 7 + /? > 1, then the (so-called) Young integral 
/p f{u)dg{u) is (well) defined as being Tf{g). 

The Young integral obeys the following chain rule. Let </> : M be a function, and let 

f,ge <r^([0,T]) with 7 > i. Then ^{f{u),g{u))df{u) and ^if{u),g{u))dgiu) are well-defined 
as Young integrals. Moreover, for all t G [0,r], 

0(/(i),.9(t)) = 0(/(O),g(O)) -I- £ ^{fiu),giu))df in) + ^^{f{u),g{u))dg{u). (17) 
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2.4 Link between Young and Skorohod integrals 

Assume H > ^, and let u — {ut)te[o.T] be a process with paths in '^'^{[0, T]) for some fixed 7 > 1 — H. 
Then, according to the previous section, the integral UgdBg exists pathwise in the Young sense. 
Suppose moreover that Ut belongs to IS^'^ for all t 6 [0,T], and that u satisfies 



P 



(^J^ \D,ut\\t- s\^"-^dsdt <ooj = I. 
Then u G domS, and we have (see [IJ), for all t e [0,T]: 

[ UsdBs^ [ UsSBs + H{2H - 1) [ [ DsU^\x - s\^"-^dsdx. 
Jo Jo Jo Jo 



(18) 



In particular, notice that 

/ ^sdBs^ [ ^,5Bs^B{^) (19) 
Jo Jo 

when if is non-random. 

3 Statement and proofs of our main results 

In all this section, we fix a fractional Brownian motion B of Hurst index H e (^j 1): a-s well as 
a parameter a > 0. Let us consider the solution X to It is readily checked that we have the 
following explicit expression for Xt: 



Xt^{T-t)" f {T-s)-"dB,, ie[o,r), 

Jo 



(20) 



where the integral can be understood either in the Young sense, or in the Skorohod sense, see indeed 
CH). 

For convenience, and because it will play an important role in the forthcoming computations, we 
introduce the following two processes related to X: for t G [0, T], 

6 = / {T-s)-^dBs; (21) 
Jo 

rit - / dB^{T-ur-^ dB^iT-sy^ [T-uy-^i^dB^. (22) 
Jo Jo Jo 

In particular, we observe that 



Xt = {T- t)"^t and / = rjt for t G [0, T). 

Jo T-u 



(23) 



When a is between and H (resp. 1 — H and H), in Lemma [4] (resp. Lemma [5]) we shall actually 
show that the process ^ (resp. rj) is well-defined on the whole interval [0, T] (notice that we could have 
had a problem at i = T), and that it admits a continuous modification. This is why we may and will 
assume in the sequel, without loss of generality, that ^ (resp. ry) is continuous when < a < (resp. 
1-H <a<H). 

Recall the definition Q of St. By using (O and then as well as the definitions (PT|) and (|22p. 
we arrive to the following formula: 

f^XuiT~u)-^dBu _ r,t 



a — at — J. — t 
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Thus, in order to prove the convergences ([8]) to ((TT|) of the introduction (that is, our main resuh!), 
we are left to study the (joint) asymptotic behaviors of rjt and (T — u)^"~^^^(iu as i T. The 
asymptotic behavior of Jq{T — u)^"~^^^du is rather easy to derive (see Lemma IH]), because it looks 
like a convergence a la Cesaro when a ^ ^. In contrast, the asymptotic behavior of rjt is more difficult 
to obtain, and will depend on the relative position of a with respect to 1 — iJ. It is actually the 
combination of Lemmas [31 [SI HI [71 [5] that will allow to derive it for the full range of values of a. 

We are now in position to prove our two main results, that we restate here as theorems for 
convenience. 

Theorem 1 We have at a A ^ as t ^ T . When a < H we have almost sure convergence as well. 

As a corollary, we find that at is a strong consistent estimator of a if and only if a ^ ^ . The next 
result precises the associated rate of convergence in this case. 

Theorem 2 Let G ^ M(0, 1) be independent of B, letC{l) stand for the standard Cauchy distribution, 
and let f3{a, b) — x°^^(l — x)^~^dx denote the usual Beta function. 

1. Assume a G (0, 1 — H). Then, as t ^ T, 
(^T-tr'"{a-at) ^ 

law 




B(2-a-2H,2H -1) G 
— X — 

1- H -a 



{H - a)/3(2 ~2H ~ a,2H - 1) 
- H -a)l3{l -a,2H - 1) 



xC(l). 



2. Assume a = 1 — H . Then, as t T , 

{T — t)^^^^ , ^, law rr / r) TT Q/1 TT O TT TT ^ 



a -St) (2i/ - 1) 5 y/2H I3{1-H,2H-1) 



X 



v/iiog(T-t)r ' 

1- yi-2ff (2i/ - / 2/3(l-g,2^ ^ ^ 



3. Assume a G (l — i/, i) . Then, as t ^ T, 



{T~t) {a^at) (^^)2 ■ 



4- Assume a = ^. Then, as t ^ T, 

\logiT-t)\{a-at) ^ \. 

The rest of this section is devoted to the proofs of Theorems [1] and [51 Before to be in position to 
do so, we need to state and prove some auxiliary lemmas. In what follows we use the same symbol c 
for all constants whose precise value is not important for our consideration. 



Lemma 3 Let a,(3 e (0, 1) be such that a + (3 < 2H . Then, for all T > 0, 

[ dsiT-s)-!^ f dr{T -r)-"\s-r\ 
Jo Jo 



T 
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Proof. By homogeneity, we first notice that 

rT pT 



Jo Jo Jo Jo 



so that it is not a loss of generality to assume in the proof that T=l. Ifa + 1< 2H then 
^'^ r^"|l — rp^^^dr ^ cs^^^+^+", implying in tm-n 

Jo Jo Jo Jo Jo 

If a + 1 = 2H, then J^^'' r^^^^\l — r\'^^^'^dr ^ c(l + | logs|), implying in turn 



dss-n drr-''\s^r\'"-^ = dss'^j dr r'-^^'ls - rf"-' 
Jo Jo 



[ dss-f^ [ ' drr^-^"\\-r\^"-^ i^c f + | logs|)ds < oo. 

Jo Jo Jo 



Finally, if a + 1 > 2i?, then 



Jo Jo Jo 

1*1 /"OO 

^ / s^^-'^-P-^dsx / r-"|l-rp^-2^r<oo. 
Jo Jo 



Lemma 4 Assume a G {0,H). Recall the definition h21\) of Then '■— limf-j.^ exists in . 
Moreover, for all £ G (0, iJ — a), the process {Ct}te[o.T] admits a modification with [H — a ~ e)-Hdlder 
continuous paths, still denoted ^ in the sequel. In particular, — > almost surely as t T . 

Proof. Because a < H,hy Lemma |3] we have that ds s~°' duu^^ls — u\^^~^ < oo. For all 
s ^ t < T, we thus have, using (|T4|) to get the first equality. 



e' 



i^t-is f = H{2H-l) \ du{T-u)-'^ j dv{T~vr^\v~u\^"-^ 

T-s i-T-s 



\2H-2 



= H{2H-1) duu-°' dvv-°'\v-u\ 

Jr-t Jr-t 

pt—S pt~S 

= H{2H-1) duiu + T-t)-"^ dviv + T-ty^lv-ul 
Jo Jo 

H{2H-1) duu~°' dvv-'^lv-u 
Jo Jo 

= H{2H -l){t- sf"-^'' ( dun-"' ( 

Jo Jo 



2H~2 



2H-2 „/, \2H-2a 



dvv-°'\v-u\''"-' = c{t~s) 

By the Cauchy criterion, we deduce that '■— linij^T exists in L^. Moreover, because the process ^ 
is centered and Gaussian, the Kolmogorov-Centsov theorem applies as well, thus leading to the desired 
conclusion. ■ 

Lemma 5 Assume a G (1 — H. H). Recall the definition i2S^) ofrjf Then rjT '■= Imit^T Vt exists in 
. Moreover, there exists 7 > such that {r]t}t£[o.T] admits a modification with ^-Holder continuous 
paths, still denoted rj in the sequel. In particular, rjt — ?> rjx almost surely as t ^ T. 
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Proof. As a first step, fix Pi, 1^2 E (1 — H,H) and let us show that there exists e = e{l3i, (32, H) > 
and c = c{(3i,l32,H) > such that, for all ^ s < t ^ T, 

(T - u)-^' (T - |u - v\^"-'^dudv «C c{t - s)' . (24) 

[0,t]x [s,t] 

Indeed, we have 

{T - u)-^'{T ~ v)-^'\u - v\''"-^dudv = [ duu-^' [ dvv-^'\u-v\^"-^ 

[0,t]x[s,t] JT-t JT-t 

du{u + T-t)-^' f dv{v + T -t)-'^'\u^v\^"-^ f duu-^' f dvv-'^^\u-v\'^"-^ 
Jo Jo Jo 

t — s — s pt — s 

duu-l^' / dw-f^'lu-v]^"-^ + / duu-l^' / dw-f^^iu-vf"-^ 

Jo Jt-s Jo 

^ (t_s)2ff-^i-& / duu-^' / dvv-^-\u-v\^"-''+ / / dvv-f'-il-vf"-^ 

Jo Jo Jt-s Jo 

< c{t- sf"~^^^^^ +c{t- sf-^^ j duu-^^+^"^^ (see Lemma El for the first integral and 

Jt-s 

use 1 — u ^ 1 for the second one) 

'1 if ;3l < 2i? - 1 

l + |log(<-s)| if/3i = 2i?-l 



= c(t-s)2«-^i-'3^ +c(t-s)i-'^^ X < 

(i - s)2^^-i-/9i if ^1 > 2i7 - 1 
^ c(t-s)'' forsomeee (0,lA(2i7-/3i)-/?2), 



hence ([24]) is shown. 

Now, let t < T. Using we can write 



/•t /'t /'U 

r]t= £,^{T ~u)°'-^dBu + H{2H -1) du{T ^ uf-'^ dv{T - v)-" {u - vf"-'\ (25) 
Jo Jo Jo 

To have the right to write according to Section [^T^ we must check that: (i) u — > (T — u)"~^^„ 

belongs almost surely to '^'''([0,t]) for some 7 > 1 — H; (ii) ^„ e D^'-^ for all u G [0,i], and {Hi) 
I[o t]2(^ ~ m)"^^ I-Du^mI |u — wp'^^^dudf; < cxd almost surely. To keep the length of this paper within 
bounds, we will do it completely here, and this will serve as a basis for the proof of the other instances 
where a similar verification should have been made as well. The main reason why (i) to (Hi) are easy 
to check is because we are integrating on the compact interval [0, t] with t strictly less than T. 

Proof of (i). Firstly, u ^ {T — u)"~^ is C°° and bounded on [0, t]. Secondly, for u,v E [0, t] with, 
say, u < V, we have 

E[i^u~iv)^] - H{2H-l)f dx{T-x)-^ f dy(r-y)-"|y-x|2«-2 

J u J u 

^ (T - t)-^'^H{2H - 1) r dx r dy\y - xf"'^ = (T - t)-^''\v ~ u\^" . 

J u J u 

Hence, by combining the Kolmogorov-Centsov theorem with the fact that ^ is Gaussian, we get that 
(almost) all the sample paths of ^ are 0-H61derian on [0,i] for any B G (0,77). Consequently, by 
choosing 7 S (1 — i/, R) (which is possible since H > 1/2), the proof of (i) is concluded. 

Proof of {ii). This is evident, using the representation (|211) of ^ as well as the fact that s — > 
(T- s)-°l[o,t](s) G \nl see SectionEH 
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Proof of [Hi). Here again, it is easy: indeed, we have Dy^u = {T ^ v) "l[o,u](w), so 

^ I L. „.|2_ff-2,.j f /rr ..\a-l,rr ..\-a \,. ..\2H-2, 



[T - uT-'\Dyiu\ \u - v\'"-^dudv = (T - u)°'-'iT - \u - v\'"-^dudv < oo. 
Let us go back to the proof. We deduce from (pS)) . after setting 

^tiu,v) = ^{T-uVvr-\T-uAv)-''l[Q,t]-iu,v), 

that 

Tlt^h{vt)+H{2H -I) du{T~uY-^ dv{T -vyiu-vf"-^. 

Jo Jo 

Hence, because of ([T5|) . 



E 



(26) 

We have, by observing that — (fg ^ 



H\2H - 1)2 / v) - (ps{u, v)] [(pt{x, y) - ^,{x, y)] \u - x\^"~^\\v - y\^"-^dudvdxdy 

J[0,T]-^ 

-H^{2H -if I {T-uW v)°'-\T -xV yT^^{T -uA v)-"{T -xA y^ 

x\u- xp^"2 1 \v - y\'^"''^dudvdxdy. 



Taking into account the form of the domain in the previous integral and using that Lpt — ipg is symmetric, 
we easily show that \\Lpt — ips ||^«2 is upper bounded (up to constant, and without seeking for sharpness) 
by a sum of integrals of the type 

[ (T - u)-f^^ {T - v)-'^-' (T - x)-/^-' (T - y)-/^^ \u - xf"-^\v - yf"-^dudvdxdy, 

J[0,t]x[s,t]x[0,T]^ 

with /3i , , /^a , /34 G {a, 1 — «}• Hence, combining Lemma [3] with we deduce that there exists 

e > small enough and c > such that, for all s,t G [0, T], 

Wt ~ ^sWlm ^ c\t ~ s\' . (27) 

On the other hand, we can write, for all s ^ t < T, 

du{T - u)"-i r dv{T - vy^iu - vf"-^ 
Jo 

duu"^^ ( dvv-°'iv -uf"-'^ 



T-t Ju 

t—s 

du{u + T -ty-^ I dv{v + T -ty^iv-uf"-^ 

J u 

ft-s fT 
Jo Ju 







^t-sf"-' I duu^"-^ I'"''" dvv-'^iv-lf"-^. (28) 
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Let us consider three cases. Assume first that a > 2H — 1: in this case, 

T 

v-°'iv~iy"-'^dv ^ / v"^{v~l f"-^dv <oo; 



leading, thanks to (f28ll . to 
t 

du{T - / dv{T - v)-"{u - vf"-^ < c{t - 



The second case is when a — 2H — 1: we then have 

- lf"-'^dv s; c(l + I log(t - + I logu|) 



so that, by 

Finally, the third case is when a < 2H — 1: in this case. 



" ^'^ V-"{V - lf"-'^dv ^ C{t - s)"-2ff+lya-2H+l. 



so that, by (|28l) . 



To summarize, we have shown that there exists c > such that, for all s, t £ [0, T], 
^* du{T - uT-' £ dv{T - vy^iu - vf^-' ^ c(l + I log(|t - s|)|l{„=2ff-i})|t - (29) 

By inserting ([27| and ((29| into p6)) . we finally get that there exists £ > small enough and c > 
such that, for all s,t G [0, T], 

E[{r]t-Vsf] ^c\t-sf. 

By the Cauchy criterion, we deduce that t/t '■— lini(_>.T '7t exists in L^. Moreover, because ryt — ris — 
E[T]t\ + E[t]s\ belongs to the second Wiener chaos of B (where all the norms are equivalent), the 
Kolmogorov-Centsov theorem applies as well, thus leading to the desired conclusion. ■ 

Lemma 6 Recall the definition ofrjt. For any t G [0,T), we have 

Vt ^ f {T- ur-^dBu X f {T- s)-"dBs - f SB, (T - s)-" / SB^ {T - u^-' 
Jo Jo Jo Jo 

-H{2H-l)f dsiT-s)-" f du{T -u)'^-^{s^uf"-^. 
Jo Jo 

Proof. Fix t G [0,r). Applying the change of variable formula (fT7)) to the right-hand side of the first 
equality in leads to 



r?t = / (T - u^'^dBu X f {T- s)-"dB, - f dB, (T - s)-" / dB„ (T ~ ur~\ (30) 
Jo Jo Jo Jo 
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On the other hand, by ([18]) we have that 

/ dBs (T - s)-" / dBu [T - (31) 

JQ Jo 

= f SBsiT^s)-" f 6Bu{T -u)""-^ +H{2H -I) [ ds{T - s)-" f duiT - u^-^ [s - uf"-^ . 
Jo Jo Jo Jo 

The desired conclusion foUows. (We omit the justification of (|30p and (l5Tt because it suffices to proceed 
as in the proof (f25l) .) ■ 

Lemma 7 Let I3{a,b) — x"~^(l — x)''^^dx denote the usual Beta function, let Z be any a{B}- 
measurable random variable satisfying P{Z < oo) — 1, and let G ^ A/'(0, 1) be independent of B. 

1. Assume a G (0, 1 — H). Then, as t ^ T, 



Z,{T -ty-"-°' {T -u)°'-^dBu^ ^ (^Z, \jH{2H 



(3{2-a-2H,2H-l) ' 
' l-H -a 



(32) 

2. Assume a = 1 — H . Then, as t ^ T , 

(z, ] [\t - u)-"dBA n (Z, ^2H{2H~mi^H,2H-l) c) . (33) 

Proof. By a standard approximation procedure, we first notice that it is not a loss of generality to 
assume that Z belongs to L^(r2) (using e.g. that Z \^\z\^n} Z as n ^ oo). 



1. Set N = ^H{2H - 1 ) ^^^-^r^jf^-^ G. For any d ^ 1 and any si, . . . , Sd e [0, T), we shah 
prove that 

(^Bs„...,Bs„iT-ty-"-'' j\T-ur~'dBu^ ^ {B,„...,Bs„N) ast-^T. (34) 

Suppose for a moment that ([M)) has been shown, and let us proceed with the proof of By the 

very construction of H and by reasoning by approximation, we deduce that, for any / ^ 1 and any 
hi, . . . , hi H with unit norms, 

(^B{hi), B{hi), (T - t)^-"-^ J\t - uT'^dB^ ^ {B{hi), . . . , B{hi), N) as i ^ T. 

This implies that, for any / ^ 1, any hi, . . . , hi G H with unit norms and any integers qi, . . . ,qi ^ 0, 

(^H,,iB{hi)), H,,{B{hi)), (T - ty-"-'' J\t - ur-'dB,}j 

^ {Hg,{B{hi)),...,Hg,{B{hi)),N) asi^T, 

with Hq the gth Hermite polynomial. Using now the very definition of the Wiener chaoses and by 
reasoning by approximation once again, we deduce that, for any 1^1, any integers qi, . . . , qi ^ and 
any /i STAG'S..., /z e-«0«S 

(^/,,(/i), . . . ,/„(/0, (T - t)i-«-" J\t - uT-'dB^j ^ (/,,(/i), . . . ,4(/,),iV) as i ^ T. 

Thus, for any random variable F g L^{fl) with a finite chaotic decomposition, we have 

V, (T - ty-"-" j^{T~ u^-^dB^ ^ (F, N) as i ^ T. (35) 
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To conclude, let us consider the chaotic decomposition ([16]) of Z. By applying (|35p to F = E\Z\ + 
^^'^-^ Iq{fq) and then letting n — > oo, we finally deduce that ([32l) holds true. 

Now, let us proceed with the proof of (p4|). Because the left-hand side of ([34]) is a Gaussian vector, 
to get it is sufficient to check the convergence of covariance matrices. Let us first compute the 
hmiting variance of (T - t)i-«-" - as t -> T. By (Ull), for any t G [0, T) we have 



Jo J 

Jo Jo 



H{2H -1){T -t) 



2-2ff-2Q 



ds S 



a-1 



ds S 



a-1 



H(2H -1 

/oo n 
dss'^'^ j 



T-t 

T 
T-t 



du u 



"-lls_^|2ff-2 



T-t 



du u' 



duu" — u 



\2H-2 



as i T, 



with 



ds s"-i 



„2a+2H-3 



duu"" '^\s — U 



2H-2 



ds 



l3{2-a-2H, 2H-1) 

2(1- H -a) 
P{2-a-2H, 2H-1) 
1-H -a 



1 



2H-2 



du 



+ / duu"-^(l-w) 





2H- 


/•oo 

-3 / duu"-i|l 

Jl/s 




POO 

I * 






-1(1 










)2H-2 


pOO 


dss2a+2ff-3 




'l/u 







Thus, 



lim E 



(T-t)!-^-" / {T-uy-^dBu 
Jo 



H{2H ~l) 
1-H -a 



l3{2-a-2H, 2H - 1) 



On the other hand, by we have, for any v < t < T, 



E 



B,x(T- ty-"-" f {T~ u^-'dBu 
Jo 

= H{2H-l){T-ty-"-°' f du{T-u)"-^ f ds |m - s|2-f^-2 

Jo Jo 

= H{T - f {T- + sign(t; ~ u) x \v - u\^"-^)du 

Jo 

as i ^ T, 

because Jq{T — u)°'^^ (^u^^^^ + sign(w — m) x |i; — u\'^^^^^du < oo. Convergence is then shown, 
and (1321) follows. 
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2. By dUl), for any t G [0 V (T - 1), T) we have 

\^\\og{T-t)\Jo' 7 

[ d3{T-sy" [ du{T-u] 
Jo Jo 



H{2H - 


1) 


1 iog(r - 


t)\ 


H{2H - 


1) 


1 iog(r - 


t)l 


2H{2H 


-1) 


\\og{T- 




2H{2H 


-1) 


1 log(T - 


-t)\ 


2H{2H 


-1) 


|log(T- 




2H{2H - 


-1) 



T-t 
T 



T-t 



ds s' 



-H 



du u ^ {s — u) 
duu~"{l-uf"-^ 

T 



2H-2 



du u ^ (1 — u) 



Because | log(Tw)|ii ^(1 — w)^^ ^du < oo, we get that 



2H-2 



ds 

T-t S 



log(T^) 
|log(T-i)| 



E 



( , ^ \\T-sr^dB\ 



^2H{2H H,2H -1) a.s t^T. 
On the other hand, fix w e [0, T). For all t e [0 V (T - 1), T), usmg ^ we can write 



E 



1 /■* 

X — / (T - u)-"dBu 



v/|iog(r-t)|7o 



V|iog(r-t)|7o 
^ f 

^\logiT-t)\Jo 
as t^T, 



dslu — s 



\2H-2 



(T - u)°'-\u^"-^ + sign(w ~u)x\v~ uf"-^)du 



because J^{T — u)°' ^(u^^ ^ + sign(w — u) x |u — ^"j du < oo. Thus, we have shown that, for any 

d ^ 1 and any si, . . . , € [0, T), 

(^B,„...,B,^,{T -tf-"-^ {T-u^-^dB^ ^ (^Bs, ,...,Bs„ ^2H{2H - - H,2H - 1) 

(36) 

as t — i> T. Finally, the same reasoning as in point 1 above allows to go from (|36p to ([33|) . The proof 
of the lemma is concluded. ■ 

Lemma 8 Assume a G {0,1 — H]. Then, as t ^ T , 

Y SBuiT-uy f SBUT-v^- 
\Jo Jo 



lim sup E 



< OO. 
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Proof. Set Mu, v) = ^{T - u V v)-"{T -uA v)"-'^l[o,t]^{u, v). We have ^!>t e and 5B„ (T ■ 

/o" (5B„ (T - -y)"-! = /2(?it), so that 



Um sup E 



2 Hmsup ||0t||^®2 



Vjo Jo / 

= 2if2(2/f-l)2 limsup / (^t(u,w)(;it(a;,y)|u-a;|^^-^|u-yp^-^dudt;da;rfy 

= l-H^{2H-lf [ {T-uVv)-"{T-uAv)°'-\T-xVy)-"{T-xAy)"-'^ 



x\u-xf" ^\v-y\''" "dudvdxdy 



2H-2, 



= 2H^{2H-lf du{T-uy dxiT-xyiu-xl^"-^ 

Jo Jo Jo 



dv (T - vY 



[ dv{T- 
Jo 



yr->-y\ 



2H-2 



= 2H^{2H-lf f duu-" f dxx^^lu-xl^"-"^ [ dvv°'-^[ dyy"-^\v-y\ 

Jo Jo Ju Jx 



2H-2 



= 2H^{2H-lf r duu-'' r dxx-'^lu-xl^"-^ dvv^"+^"-^ rfy - yl^^-^ 

Jo Jo Ju Jx/v 



Because a ^ 1 — H and H < 1, we have a < 2 — 2H, so that 

fT/v 



pi /V poo 

/ y^-'\l-y\'"-'dy^ y^-'\l - y\'"-'dy < oo. 

Jx/v Jo 



Moreover, because 2H + 2a — 3 ^ —1 due to our assumption on a, we have 



/ dvv 

J u 



2H+2a-3 



^ C 



y2H+2<.-2 ifa<l-H 

l + llogMl ifa = l-H 



Consequently, if a = 1 — H, then 



duu " 



dxx °'\u — x 



2H-2 



,2H+2a-3 



^ C 



/ dvv 

J u 

[ duu"-'^{l + \logu\) [ dxx"-^ 
Jo Jo 

c duu*"-^{l + \\ogu\) dxx"-^\l-x 
Jo Jo 



fT/v 

/ dyy'^-'\l-y\ 

Jx/v 



2H-2 



\U — X 



2H-2 



2H-2 



( 1 



iiH<l 



^ c[ duu'^"-^{l + \\ogu\) X < l + |logu| ifH 
Jo 



,2-3H 



i{H> 



< 00, 

and the proof is concluded in this case. Assume now that a < 1 — H. Then 



duu 

T 



dx 



X \u — x\ 



.\2H-2 



r dvv^"+^"-^ 

Ju Jx/v 







^ c duu^''+''-^ dxx-'^h-x?"-^ 



= c duu 



4H-3 



T/u 



dxx " 1 1 — a; 



2H-2 
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Let us distinguish three different cases. First, if a < 2H — 1 then 



[ duu^"-^ f dxx-°'\l-x\^^-^ i^c f u^^-^+'^du <oo. 
Jo Jo Jo 



Second, if a = 2H — 1 then 



/ duu^"'' dxx-''\l-xf"-' = / duu^"-' 

Jo Jo Jo Jo 



dxx'~'"\l^x\^"-^ 



c / u-*^-^(l + |logu|)du< 



Third, if a > 2H - 1 then 



du u 



4H-3 



T/u 



dxx-''\l-x\'"-' ^ u^"-'du 



dx < 



Thus, in all the possible cases we see that limsupj_yji E 
finite, and the proof of the lemma is done. 



Lemma 9 Assume a G {0,H), and recall the definition 1121]) of Then, as t T: 

1. if Q < a < then 

(T-i)i-2« f es{T ~ sf—-" ds "4- - 

2. if a = ^, then 



2a' 



t c-2 



■ds "> 



|log(T-<)|7o T-s 
3. if ^ < a < H , then 

f eAT^sf^-^ds 4- r iliT - sf^-^ ds < oo. 

Jo Jo 

Proof. 1. Using the (-f- — ^)-Holderianity of ^ (Lemma U), we can write 



2a 



^ {T-ty-^" \ii -£,^\{T ~ sf^-^ ds + {T -t) 



1-2(1 /-2 



1 - 2a 



^ c|e|oo(r - ty-"' / (T - ds+iT- t) 



rp2a-l 
l-2a± ^2 

1 - 2a^'^ 

rp2a-l 



^ c|eU((r - t)^-^ + {T- t)i-2"Tf +^-1) + {T- tY-'-^—er 

1 — 2a 

— > almost surely as t — > T. 
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2. Using the (-y — i)-H61derianity of ^ (Lemma |4]) , we can write 



\\ogiT-t)\Jo T-s 

- |iog(T-i)|io r-. ^'+|log(r-t)|^^ 
cieioo Z-*,^ , log(T) 



— > almost surely a,s t ^ T 



3. By LemmalU the process ^ is continuous on [0,T], hence integrable. Moreover, s i— >■ (T — s)^" ^ is 
integrable at s = T because a > The convergence in point 3 is then clear, with a finite limit. 

■ 

We are now ready to prove Theorems [T] and [2j 

Proof of Theorem QJ Fix a > 0. Thanks to the change of variable formula (|17p (which can be well 
applied here, as is easily shown by proceeding as in the proof (US])), we can write, for any t £ [0,r): 







so that 



1 



a — at — ; ha—-. (37) 

When a G (0, i), we have (T - t)^'^'^ (i{T - uf^-^du '"A' (resp. Q "A ) as t -> T by 

Lemma[9] (resp. Lemma SJ; hence, as desired one gets that a — at—>OBst^T. 
When a = ^, the identity ([37ll becomes 

a-at^ — J ; (38) 

as t ^ T, we have Cm(^ ^ u)^^du \ \og{T — t)|^|n (resp. ^|.) by LemmalU] (resp. Lemma 

m. Hence, here again we have a — St A' as t ^ T . 

Suppose now that a G i^,H). As t ^ T, we have - uy°'-'^du ^4' (i{T - uf^-'^du 

(resp. 4' ^|,) by Lemma JU] (resp. Lemma]?]). Hence (|57)) yields this time that a — St 4' a — i as 
t ^ T, that is St '4' i. 
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Assume finally that a ^ H. By we have 



Jo Jo 

= {T-tf"-^ ( duu-" ( dvv-°'\v - u\^"-^ 

JT-t JT-t 

T T 

= [T-tf"-^ duu-"^ f"^\vv-^\v-u\^"'^ 



2H-2 



^ (T - t f"-' 



du 



,a-2H 



T-t 
T 

1 

T-t 



dv V 



dvv''-^"\v-l\^"-^ 
' 1 if a < 1 

X < 1 + 1 logu| if a = 1 
if a > 1 



2ff-l 



< C(T - 



as i ^ T. 



|log(T-i)| ifa^iJ 
1 if a > iJ 



Hence, having a look at ^ and because (,1{T - uf°'-'^du ''A ^1{T - uf°'-'^du £ (0, oo] as 

t ^ T, we deduce that a — at a — ^ as t — T, that is at ^. 

The proof of Theorem [1] is done. ■ 

Proof of Theorem\^ 1. Assume that a belongs to (0, 1 — H). We have, by using Lemma[6]to go from 
the first to the second line, 



{T-tr-"{a-at) 



(T-t) 



Vt 



[T - ty-^'^ J* eAT ~ sy^-'^ds 



[T - t)i-g-" g{T - u)"-^dBu /o (T - s)-"dB, 



-H{2H - 1) 



(T - t)i-2" es{T - sy^-^ds 
{T - ty-"-'' ds (T - s)-" /q du (T - - uy"-^ 
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1 -2a 



Jo 



X — 



ir (1 - 2a) (T - /J £^1{T - sf^-^ds 

_ _ (r - 0^-^-° /J (T - .)-° /; (T - ur-\s r,f^-^ 

= at X bt X ct - dt - et, (39) 
with clear definitions for at to et- Lemma [7] yields 



law, , / , ,8(2 - a-2H,2H - 1) G 

at^ {l-2a)\H{2H -1)'^ — ^ ^x— as i -> T, 

V 1 — ii — a E,T 

where G A/'(0, 1) is independent of _B, whereas Lemma |4](resp. Lemma|9l) implies that ht 1 (resp. 
Ct 1) as t — > T. On the other hand, by combining Lemma 1^] with Lemma [5] (resp. Lemma [3]), we 

deduce that dt ^''^ (resp. et 0) as t ^ T. By plugging all these convergences together we get 
that, ast^T, 



„Alaw,, n.^.l^J^.^J , , /3(2 - a - 2g, 2g - 1) G 

1-H -a ■ 



(T - i)"-^(St - a) (1 - 2a)\ H{2H - 1)^ : ^ '- x 



Because it is well-known that the ratio of two independent 7V(0, l)-random variables is C(l)-distributed, 
to conclude it remains to compute the variance of ~ A/'(0, a"^). By (fT5|) . we have: 



i;[e2j ^ H{2H-l)[ duiT-uy f dv{T-v)-"\v 
Jo Jo 

= H{2H-1) [ duu-" [ dvv-"\v - u\^"-^ 
Jo Jo 

= 2H{2H-1) duu-°' dvv~'^{u-vf"-^ 
Jo Jo 

Jo Jo 

T^"-^°'P{l~a,2H -I), (40) 



^ H{2H - l)^2H-2a, 

H -a 

and the proof of the first part of Theorem [5] is done. 

2. Assume that a = 1 — H . The proof follows the same lines as in point 1 above. The counterpart 
of decomposition ([39|) is here: 



(T-t)i-2H ^ 2i/-l 

[a - at) 



Vnog{T-t)\' ' iT^\\og{T-t)\ 

10 



l\T-s)-"dB, 
Jo 



X 



J^{T-u)"-'dB^ 



{2H - 1)(T - tyH-l ^2(J^ _ ,)-2ffrf. 
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J^5BAT-sr-^j;5B,,{T 



Lemma [7] yields 



^ Xds (T - s)"-^ du (T - u)-"{s - u)^^-^ 
at x bt xct - dt - et. 



at {2H - l)i ^2HI3(l-H, 2H - 1) x — as t -> T, 



where G ^ A/'(0, 1) is independent of B, whereas Lemma]?] (resp. LemmalH]) imphes that bt ^ 1 (resp. 
~ a^. ^-j ^ _^ J. ^j^g other hand, by combining Lemma 1^] with Lemma [5] (resp. Lemma [3]), we 

deduce that dt ^'-^ (resp. et 0) as i ^ T. By plugging all these convergences together we get 
that, 'AS t ^ T, 



(St - a) (2i7 - I)^y/2HP{1-H, 2H - 1) 



X 



Moreover, by ^ we have that A/'(0, HT^"-^f3{H, 2H - 1)). Thus, 



G iaw^i_2H,o.x ,a 2/3(1 -i/,2if-l) 



(2i/ - l)tV2if/3(l-i^,2i/-l) X ^ T'-'"{2H - l)t ^ ^ "^^(^^2^- 1) 
and the convergence in point 2 is shown. 

3. Assume that a belongs to (1 — iJ, i). Using the decomposition 



{T-tf^-\a~at) 



we immediately see that the second part of Theorem [5] is an obvious consequence of Lemmas [5] and [SI 
4. Assume that a — ^. Recall the identity ([35)1 for this particular value of a: 



a - at 



2j,euiT~u)-^du 



As t T, we have by Lemma [H whereas — ^c^^* I ^og{T — t)|^|, by Lemma [9] 

Therefore, we deduce as announced that | log(T — t)\(^a — St) ^ a.s t ^ T. ■ 
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